We compute the gravitational birefringence of light as it undergoes gravitational lensing. To this end we re-derive the Souriau-Saturnini equations in the Schwarzschild metric and solve them numerically and perturbatively. Our main result is an offset between the trajectories of the photons of opposite polarisations, which grows with time. We also find an intriguing instability of the spin component transverse to the momentum.
Introduction
Birefringence of light is a well kown phenomenon in anisotropic matter like quartz. On theoretical grounds Federov [1] in 1955 and Imbert [2] in 1972 predicted birefringence in absence of matter but in an electric field with a gradient. This prediction was confirmed experimentally in 2008 by Bliokh [3] et al. and Hosten & Kwiat [4] . They measured an offset between the trajectories of the photons of opposite polarisations, which is of the order of the wavelength of the photons.
In 1974 Souriau [5] developed a geometrical framework which can be used to derive the universal Mathisson-Papapetrou-Dixon equations [6, 7, 8] . With Saturnini [9] , using this framework, they generalized the null geodesic equation in order to include the spin of photons, thus proposing birefringence of light in a gravitational field with a gradient. Saturnini computed this generalized equation in the Schwarzschild metric and obtained first numerical solutions. Note that this geometrical framework has also been used [10, 11] to describe the above mentionned Fedorov-Imbert effect.
Reference [12] presents the Souriau-Saturnini equations in a generic Robertson-Walker metric and some numerical and some perturbative solutions, showing a striking effect on the photon's trajectory. Indeed, it travels on a helix, centered around the null geodesic and with a radius of the order of the wavelength.
For more details on the complex story of the "Spin Hall effect of light", as birefringence of light in vacuum is also called, and a rather complete list of references, the reader is referred to the introduction of the first paper in [12] .
Here we take up Saturnini's work in the (outer) Schwarzschild metric. Thanks to present day computing power, we obtain numerical solutions precise enough to lead us to perturbative solutions. These solutions, contrary to the ones in a Robertson-Walker metric, feature an intriguing instability of the spin component transverse to the momentum and an offset between the trajectories of photons with opposite polarisations, which grows linearly with time.
2 Spinning massless particles 2 
.1 Metric
In this section, we follow the same procedure, developped by Souriau [5] and Saturnini [9] , to obtain the equations of motion of spinning massless particles as in [12] , but with the Schwarzschild metric instead of Robertson-Walker one. For more details about the procedure, see the mentioned references above.
The Schwarzschild metric can be expressed in an isotropic coordinate patch (
where x = (x 1 , x 2 , x 3 ) and · is the Euclidean norm. If (ρ, θ, ϕ, t) are the Schwarzschild coordinates, the isotropic polar ones (r, θ, ϕ, t) are related by
Recall that a = 1 2 GM is the Schwarzschild radius. The vector product, which abounds in computations involving spin, take a simple form in isotropic coordinates. Therefore we adopt these coordinates. However they have the drawback, that including the cosmological constant, which is straight forward in the Schwarzschild coordinates, becomes difficult. This inclusion will be dealt with in a future publication.
We have the following Christoffel symbols,
, (2.4) for all i = j = 1, 2, 3, no summation over repeated indices. For the Riemann tensor R µ ναβ = ∂ α Γ µ βν − ∂ β Γ µ αν + · · · with i, j and k all different, we have
(2.6)
The Ricci tensor vanishes.
Momentum and spin
In the above coordinate system, the (future pointing) 4-momentum of the photon is written as
with p ∈ R 3 \ {0}, the spatial linear momentum, and p := √ p · p (Euclidean scalar product).
We suppose positive energy, p > 0. The 4-momentum is light-like, P 2 = 0. Accordingly, the spin tensor (considered as linear map whenever we suppress indices) is defined by
with the spin vector s ∈ R 3 \ {0}. The vector-product is with respect to the Euclidean metric and we define the linear map j(s) : p → s×p. The map S is skewsymmetric with respect to the metric: g(SV, W ) = −g(V, SW ) for all vectors V and W . In addition, we have the constraints
with the conserved scalar spin s := s · p p , (2.10) not to be confused with the norm s of the spin vector. The helicity or handedness of the photon is sign(s). Let us define a second skewsymmetric map R(S) by − det(g αβ ) ε µνρσ F µν F ρσ with ε µνρσ the Levi-Civita symbol such that ε 1234 = 1. The identity det(F ) = −Pf(F ) 2 holds.
We will also use the definition,
In the Schwarzschild metric we obtain:
The following vector identity will be useful:
Conservation laws
Our group of isometries is O(3)×R, its generators are the Killing vector fields of the metric (2.1), Z = ε i jk ω j x k ∂/∂x i + ∂/∂t, where ω ∈ R 3 and ∈ R stand for infinitesimal rotations and time translations, respectively; the ε i jk are the structure constants of so (3) . Using the general expression [5] 
of the "moment map", Ψ, associated with a Killing vector field, Z, together with the expressions (2.7) and (2.8) for P and S, we find in a straightforward fashion Ψ(Z) = −L · ω + E where
is the conserved energy and
the conserved angular momentum featuring both an extra spin contribution. The latter equation defines an affine map between spin and angular momentum. We will use its inverse:
The Souriau-Saturnini equations
Assuming the consistency condition R(S)(S) = 0, we are now ready to write the equations of motion of photons in space-time [9] :
where the dot over the trajectory of the photon X = (X µ (τ )) := (x, t) denotes the ordinary derivative with respect to its affine parameter τ . But the dot over P and S denotes the covariant derivative with respect to τ . Here P denotes the covector associated to the vector P via the metric: P µ := g µρ P ρ . Let us introduce the short-hand,
To obtain the equations of motion in 3-space, we trade the affine parameter τ for the coordinate time t using
28)
which we assume non-vanishing. By abuse of notation we write τ (t) for the inverse function of t(τ ) and we do not distinguish x = x(t) = x(τ (t)) and likewise for p and s. Then we have:
With the equations above, we can verify that the conserved quantities, namely the scalar spin (2.10), the energy (2.21) and the total angular momentum (2.22) are conserved. We have indeed dE/dt = dL/dt = ds/dt = 0.
We can simplify the system by only considering the equations of position and momentum (2.29,2.30) and by eliminating [x×p·s] and (s·x) in favour of the conserved angular momentum L using equation (2.23) and by eliminating (s · p) in favour of the conserved scalar spin s using equation (2.10). We use the following relations
We are thus left with six equations for six unknown functions of t, which will be spelled out later, (5.5, 5.6). We also have a formula for the norm of p from the conserved quantities (2.21) and (2.22),
Noticing that this last equation and the three equations for position only depend on p/ p our system effectively reduces to five equations. The results above can already by found in Saturnini's thesis [9] of 1976.
Radial case
The first observation is that in the radial case, i.e. with an initial momentum parallel to the initial position, the equations of motion (2.29-2.31) reduce to those of the radial geodesics,
(2.39)
While the differential equation (2.38) displays the well known redshift effect of light, it is striking that we have the same expression (2.39) for the evolution of the transverse spin. This can be expected when looking at the Souriau-Saturnini equations (2.24-2.26) and noticing that the redshift terms in (2.38) and (2.39) come from the covariant derivative. Indeed, when the photon is following the geodesic trajectory, the Souriau-Saturnini equations reduce to the geodesic equations i.e.Ẋ = P andṖ =Ṡ = 0, meaning that both P and S are parallel transported.
We also take the opportunity to note that equation (2.21) tells us that the conserved energy E is modified by the transverse spin in general, but not in the radial case. 
From dX/dτ = P , and equation (2.7), we find
For null geodesics, P 2 = 0, we have
Taking advantage of the conservation of total angular momentum, L, we compute x × L and end up with
where the function λ satisfies (using (3.2), (3.4) and (3.3)) λ = x · p (r + a) 2 and λ 2 = 8 (3.5)
with L = L . We note that λ 2 ≥ 0 implies a condition on E, L and r. By taking the scalar product on both sides of equation (3.4 ) with x, we obtain the simple expression
We record for further use that
Let us stress that the latter equations lead precisely to the equations of null geodesics given in terms of the Christoffel symbols (2.4). Here we used, instead, the conservation laws, including a number of computational tricks, to obtain the velocity (3.4) . Note that the time-component of the geodesic equation yields (up to a global sign):
which is clearly non-vanishing. Comparison with the general equation (2.28), which is ill-defined in the limit s → 0, shows a striking similarity with equation (3.8), namely the latter is identical with the the former provided we ignore the spin-dependent factor on the RHS. To make the link with equations (2.29) and (2.30), let us write down the equations of motion in the form:
Lensing in weak fields
We restrict our analysis to geodesics remaining in regions of space where the gravitational field is weak, i.e. where all distances r(t) remain much larger than the Schwarzschild radius a,
and linearize with respect to α. We take our initial conditions at τ = t = 0:
To alleviate notations we will write from now on x = (x 1 , x 2 , x 3 ) with lower indices. Following tradition we consider the photon in the x 1 -x 2 plane with energy p 0 > 0 coming in from the left, x 0 > 0, with positive impact parameter b. We suppose a b. Then we have to first order in α:
The equations of motion (3.4) become:
Equation (3.6),ṙ = λr, tells us that the distance of closest approach r p ('perihelion') is reached when λ vanishes. Therefore Our aim is to compute the scattering angle ∆ϕ for x 0 → ∞. As we have set the cosmological constant to zero, spacetime is flat far away from the mass and there coordinate and physical angles coincide. Denoting by ϕ p the angle of closest approach, we have ∆ϕ = π − 2ϕ p . We can compute ϕ p by integrating
between r 0 = ∞ and r p . In this interval both r and ϕ decrease and we must choose the positive signs in equation (3.19 ). Our initial angle is ϕ 0 = π and we obtain with u := r/r p ,
Note the integrable singularity at the perihelion, u = 1. Finally, in linear approximation, the scattering angle takes its famous value: ∆ϕ ∼ 4 GM/r p .
Numerical solutions
Since solving the system of equations (2.29, 2.30) is not straightforward, we will use the help of numerical integration to propagate specific initial conditions. These numerical solutions will guide us towards perturbative ones. The numerical integration meets the usual problem of accuracy errors when computing the difference of two almost identical numbers. It becomes relevant here because the present system of equations involves such computations, especially when conserved quantities are involved, e.g. (2.32). This is why it is better to numerically solve all of the 9 differential equations (2.29-2.31), including those of the spin.
Even with such measures, integrating these equations over a long time can be tricky with Mathematica. The step algorithm seems overly cautious and is eager to stop the integration process due to stiffness problems, even though all quantities involved are well defined, finite, and smoothly evolving. We need to select the right precision parameters to keep the step algorithm from stopping the integration. Yet, this does not create instabilities in the trajectory of the simulation and we obtain very precise results.
It is convenient to take the initial conditions not at infinity but at perihelion r 0 = r p of the geodesic trajectory of the spinless photon around the star located at the origin:
Note that the first component of the initial transverse spin s ⊥ 0 vanishes, because at perihelion dx/dt| 0 · x 0 = 0.
We use SI units here. The photon starts with a wavelength of λ 0 = 600 nm and an helicity of χ = +1, the star has a Schwarzschild radius of a = 3 · 10 3 m, and the initial distance from the center of the star to the perihelion is r 0 = 3 · 10 5 m. The numerical integration runs from 0 to 0.1 s. While we have s = in the initial conditions (4.1), we will put s ⊥ 0 = 0 for the time being, due to trajectory instabilities when s ⊥ 0 is close to . We will come back to the transverse spin in the perturbative analysis in the next section. Figure 1 shows the trajectory of the spinning photon in the geodesic plane. This trajectory is almost identical to the null geodesic one. Indeed, the difference between the coordinates x 1 and x 2 of spinning and spinless photons is of the order of the nanometer at the end of the numerical integration. The main differences are the transverse components x 3 of the trajectory, and p 3 of the momentum, pictured in Figures 2 and 3 respectively. While the geodesic trajectory is contained within the plane (x 1 , x 2 ), the equations of motion (2.29-2.31) imply non-vanishing transverse components x 3 and p 3 .
The angle β of the trajectory going out of the plane is small, but constant. As shown here in figure 2 , it is about β = −6.3 · 10 −8 . The sign of the angle β depends directly on the helicity χ. Indeed when changing the helicity from +1 to −1, the amplitude of the angle stays the same, but the sign switches. We see from numerical integrations that the trajectories of two different helicity photons are symmetric with respect to the null geodesic. The transverse momentum p 3 also shows the same behavior under helicity changes and its sign is again opposite to that of x 3 . In the next section, we will confirm and explain these results with a perturbative approach.
Perturbative solutions
We wish to compare the behavior of our system (2.29, 2.30) describing the trajectories of photons with their due spin to the behavior of null geodesics. Now, define two constant small parameters,
where, for the sun, α is typically of the order of 10 −6 and of the order of 10 −16 for photons in the visible spectrum. A small corresponds to photons having a wavelength much smaller than its distance to the star, which is a sensible hypothesis. Due to the particularities of this system of equations, namely D being of order , we must consider second order terms in to obtain the first order equations. In α, linear terms will be sufficient. Let us redefine the spin by setting
where χ = ±1 is the helicity of the photon and w is finite and dimensionless. We easily obtain the conserved quantities (2.21) and (2.22) from the initial conditions (4.1),
We define the normalized quantities,
We can then write the equations (2.29-2.30) as
Let us momentarily forget the physical aspect of this system and set = 0 in (5.3). Then with the initial conditions (4.1) the differential equations (5.5) and (5.6) reduce to those of the null geodesics (3.9) and (3.10). Indeed, from (2.32), we have initially xps| 0 = 0 and xL| 0 = 0, reducing the initial system to the geodesic one. If we are on a geodesic trajectory, which is in the plane spanned by x 0 and p 0 , then xL = 0 and xps = 0 continue to vanish due to geodesic conservation of angular momentum and the photon continues on the geodesic trajectory. This heuristic argument and our numerical results in the last section motivate the ansatz
where x 1 , x 2 , p 1 , p 2 solve the geodesic equations. Define r g = x 2 1 + x 2 2 and similarly for p g . To leading order, we have xL = (1 − 2α)
In order to recover the geodesics in the limit → 0, we thus need these two leading terms to be zero implying the initial transverse spin to vanish and some conditions on first order terms in that are valid at least to first order in α:
(5.13) a rainbow effect. In the case of the sun, with r 0 its radius, this means that two photons starting at the perihelion with opposite helicity will have an offset given by 2β = 5.7 · 10 −11 . If these two photons then travel to the Earth, the offset between them would be of the order of 41µm in perfect conditions. The angle β has the curious property of not depending on the mass of the star. Let us note that the limit a → 0 is ill defined in the equations of motion and therefore in the perturbative solutions. Indeed, the first of the Souriau-Saturnini equations (2.24) is independent of a because both R(S)(S) and SR(S)P are proportional to a. The introduction of a cosmological constant will regularize this singularity, even at small scales, as will be shown in a forthcoming work. Note that the transverse component of the momentum quickly reaches its maximum at a distance of a few r 0 , which is q 3 max = 2 α χ p 0 . Since the angle β comes from a spin-orbit-like effect of the star on the trajectory, we would expect it to only act close to the star. To avoid this problem, we define γ to be the angle between the geodesic plane and the momentum carried by the spinning photon. We have:
This angle does depend on the mass of the star and is even smaller than β. For the sun we have 2γ = 4.9 · 10 −16 . Our perturbative results for y 3 and q 3 above match our numerical results with a relative error of about 10 −9 and 10 −4.5 , respectively. The match is better for y 3 because it contains terms of order 1 and of order α, while q 3 is of order α.
Conclusions
For photons, quantum mechanics teaches us that the longitudinal component s of the spin is ± . This is in harmony with the conservation of s, which follows in general from the Souriau-Saturnini equations. Quantum mechanics also teaches us that the norm of the transverse spin s ⊥ is . Two remarks arise from the present work. First, we saw in the radial case that the photon follows the geodesic trajectory, and that the transverse spin undergoes the same evolution as the momentum. However, in our non-radial perturbative solution, equation (5.19 ), this norm vanishes at perihelion and then grows linearly with time t (to leading order). The linear growth implies that our perturbation theory breaks down for large times. This instability is absent in a generic Robertson-Walker metric where the norm of the transverse spin is proportional to the inverse Hubble parameter [12] .
With its continuously varying transverse spin, the instability reminds us of the instability of the classical hydrogen atom and its continuously varying energy. We see the former instability as a further, concrete challenge to be met by the quantum theory of gravity.
Notice also that the out-of-plane momentum is in the opposite direction with respect to the offset. This means that the star is intrinsicly acting on the photon's position and momentum, i.e. a spin-orbit effect. Yet, at large time t in the perturbative solution, we see that the trajectory's offset keeps increasing linearly, while the momentum stays constant and in the opposite direction. We would expect, once we are sufficiently far away from the star, that the star loses grip on the photon. Since spacetime is flat far away, we expect the photon's momentum to carry the trajectory, which is wrong. This is in line with the fact that we don't recover the equations of motion in flat spacetime in the limit a → 0. We will see in a future work that including the cosmological constant helps us mitigating this problem, even at scales much smaller than those the cosmological constant would suggest.
For us, the most interesting features of birefringence in the Schwarzschild metric are the out-of-plane contributions to trajectory and momentum. First, we have the linearly growing offset -given by an angle 2β, equation (5.20 ) -between the trajectories of opposite polarisations. Then, the Souriau-Saturnini equations in the Schwarzschild metric become singular far away from the star, a singularity absent in the Kottler metric. Therefore we expect the offset induced by the angle γ (5.21) to play a more important role in observations. (The computations with non-vanishing cosmological constant are complicated and will be presented in a later work.) In any case, both angles, β and γ are wavelength dependent and the offset must feature a rainbow effect.
Despite the mentioned classical instability, we wonder whether this type of gravitational birefringence is accessible to experimental verification.
We started this work as a rope team of three. But in September 2018 we lost our friend and guide, Christian Duval. Any error or short coming remaining in this work is ours.
